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A semiempirical theory of solid solubility in transition metal alloys is presented. The theory is 
based on writing the energy of formation of the solid solution as a sum of several contributions: 
a) a chemical contribution due to electronic redistribution in forming the alloy, b) an elastic 
contribution arising from the difference in size between solute and solvent atoms and c) a struc-
tural contribution due to the difference in crystal structure between solute and solvent and to the 
change in average valence when disolving foreign atoms. Special care is taken in evaluating these 
contributions in the concentrated alloy regime. The influence of charge transfer on the effective 
atomic volumes of the components in the alloy is also considered and found to be important. The 
results obtained are in good agreement with experiment. 

1. Introduction 

The solid part of the phase d iagram of a binary 
alloy formed by metals A and B of ten contains 
(although not necessarily) one or several inter-
mediate phases, in addi t ion to terminal solid 
solutions of A in B and of B in A [1], In a solid 
solution the solute a toms occupy subst i tut ional 
positions in the host lattice, preserving the crystal 
structure of the host. Interstitial solid solutions also 
exist but they are less c o m m o n than subst i tut ional 
ones. On the other hand an in te rmedia te phase 
normally has a narrow composi t ion range and a 
crystal structure different f rom those of the com-
ponent metals. Solid solut ions and in te rmedia te 
phases are competit ive. Progress in the under-
standing of the factors governing the occurrence of 
the different alloy phases has been growing in 
recent years, but a full theoret ical descript ion of 
phase diagrams, and in par t icular of solid solutions, 
is a very diff icult task. For this reason, semi-
empirical treatments, focusing on the fundamen ta l 
factors which are believed to inf luence solid solubil-
ity. can be of great help. In this paper we present a 
semiempirical theory of solid solubility and apply it 
to several types of alloys fo rmed by transi t ion 
metals. Although the theory is semiempir ica l , we 
believe that it contains the key ingredients needed 
to describe solid solubility correctly. This is sup-
ported by the results obta ined. 

Reprint requests to Dr. J. M. Lopez, Departamento de 
Fisica Teörica, Universidad de Valladolid, Valladolid, 
Spain. 

2. Thermodynamic Formulation 

The extent of equi l ibr ium solid solubility of a 
solute metal A in a solvent metal B at temperature T 
can be calculated from the free energy of fo rmat ion 
AGS(XA, A b ; T) of the solid solution as a funct ion 
of composi t ion 

A GS(XA, A b ; T) (1) 

= GS(XA, A b ; T) - XA GA(T) - XB GB(T), 

where GA and (7B
 a r e the free energies of the metals 

and GS(Xa,XQ\T) is the free energy of the solid 
solution with a tomic concentrations XA and XB 

= 1 - XA . A necessary condit ion for the thermo-
dynamic stability of the solid solution is 

AG%{XA, AY T) < 0. 

Nevertheless, this is not a sufficient condi t ion 
because of the possible existence of compet ing 
phases, normally an ordered intermetall ic com-
pound of fixed composi t ion A a B^, with free energy 
of format ion AGC. Consequently, the extent of solid 
solubility is calculated by computing AGS(XA,XB; T) 
as a function of concentration and compar ing it with 
AGC using the tangent construction [2]. If inter-
media te phases do not exist, then the compet ing 
phase is a solid solution of B in A (if the crystal 
structures of A and B are different) . 

The free energy of format ion can be separated as 

AG = AH — T AS, (2) 

where AH is the enthalpy of format ion and AS is 
the entropy of format ion. The entropy of format ion 
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of a substi tut ional solid solution is positive. Its 
calculation is a diff icul t matter . The simplest 
approximat ion is to consider ideal mixing (strictly 
speaking, ideal mixing is only valid when the 
enthalpy of fo rmat ion is not far f rom zero). Then 
the entropy of r andom mixing [3] can be used to 
write 

TA S, ( X A , XB) = - k T ( X A ln + ln XB), (3) 

where k is the Boltzmann constant. More sophisti-
cated approximat ions can also be used [4] for 
depar tures f rom ideal behavior . For the calculations 
to be presented below, ideality leads to good results. 
In contrast, the entropy of format ion A SC of ordered 
intermetall ic compounds is normally zero or nega-
tive [1, 5 - 8 ] (magnet ic effects sometimes induce 
exceptions to this rule [6]). Therefore the entropy 
term favors the existence of solid solutions. 

The next step is to set up an expression for the 
enthalpy of fo rmat ion of the solid solution and of 
compet ing intermetal l ic compounds . These points 
are considered in Sections 3 and 4. 

3. Enthalpy of Formation 

According to current ideas [ 9 - 1 3 ] , the enthalpy 
of format ion of a substi tutional solid solution con-
tains three terms: 

AHS = AHC
S + A //S

S
IZE + A H f . (4) 

The first one. A HI. is a chemical term due to 
electron redistr ibut ion that occurs when the alloy is 
fo rmed; it has been extensively studied by Miedema 
and coworkers [9, 14, 15]. This contr ibution also 
exists in liquid alloys. In the case of alloys of two 
transition metals, AHc

s is equal to the enthalpy of 
format ion in the l iquid state (where the other two 
terms are absent) . A Hs

s
[ze is an elastic contr ibut ion 

due to the di f ference in a tomic volume between 
solute and solvent metals. This term can be comput-
ed by using classical elasticity theory [9. 12, 13, 16, 
17]. Finally, A H f r is a structural contr ibut ion taking 
into account the d i f ference in valence and crystal 
structure of solute and solvent [9, 10]. These three 
contributions are now considered in more detail. 

3.1 Chemical Contribution 

According to Miedema and coworkers, the 
chemical part of the heat of solution of a transition 

metal A in a transi t ion metal B can be expressed as 

2 ( Fa) 2 / 3 

AhUA in B) = r^ r^ 
( r t A ) - 1 / 3 + ( K B ) - I / 3 

• [— P ( 0 A — (PB)2 + Q ( " a 3 — "B /3)2] • (5) 
This equat ion contains two terms: an ionic-like term 
which accounts for the electronegativity di f ference 
( 0 a - < £ b ) , and a term related to the di f ference in 
electron density n at the bounda ry of bulk a tomic 
cells. FÄ is a measure of the a tomic volume of 
metal A in the alloy (at infinite dilution), and P and 
Q are empirical constants [15]. At finite solute con-
centrat ion the chemical part of the heat of fo rma-
tion A HI(XA, XQ) of a d isordered solid solution is 

F A 1 2 / 3 

J//S
C(*A,*B) = *A(1 - X X ) 

K 
A /?s (A in B), 

(6) 

where XX is an a tomic cell surface area concentra-
tion of metal A in the alloy, def ined by 

XA Vln + Vi 2 / 3 (7) 

and FA , Fb are the a tomic volumes of A and B in 
the alloy. By using pure metal a tomic volumes F A , 
VQ1 in (5), (6) and (7) one ignores the changes in 
a tomic volume that arise upon alloying due to 
charge transfer. There fo re M i e d e m a and coworkers 
have introduced the a p p r o x i m a t e correction [18] 

FA
/ 3(al loy) = ( FA )2 / 3 [1 + a(\ — XX)(4 )A— ^ b ) ] • (8) 

That is, the relative volume change depends on the 
difference of electronegativity ( < P A - <£B) and on the 
degree to which A a toms are surrounded by dis-
similar neighbours , that is (1 - XX)- a is a constant 
which depends on the valence of the solute metal. 
This fo rmula gives a vo lume between the pure 
metal and the fully corrected volume. This is a 
reasonable choice to use in (5) or (6). Let us notice 
that at infinite di lut ion (8) becomes 

( FA)2 /3 — (F A )2 /3 [ 1 + a ( (P A — 0 B ) ] . (9) 

Since XA is a funct ion of VA and VB (relation (7)), 
the calculation of V A

3 (alloy) in principle requires 
an i teration procedure . In this paper we have 
introduced three steps. 

3.2 Size Mismatch Contribution 

The a tomic vo lume of the solute metal is normal-
ly di f ferent f rom that of the solvent. Then the sub-
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stitution of a solvent a tom by a solute a tom gener-
ates elastic tensions in the host lattice. Eshelby used 
classical cont inuum elasticity to prove that the 
contr ibution to the heat of solution f rom a tomic size 
mismatch is approximate ly [17] 

2 / / B ( I A ~ V B ) 2 ( 1 0 ) 

Vn 
A hfze (A in B) = 

3 + 4 /B/ /B 

where //B is the shear modulus of the host and yA is 
the compressibili ty of the solute metal. Eshelby also 
computed the size-mismatch part of the heat of 
formation in the case of a small solute concentrat ion 

AH\lze(XA,XB) 

= X t 

where 

1 -
( 7 - 1 )7 

7 = 1 + 
4 / / b 

3 / B 

(7* - 1) 7* 

4 / / b 7* = 1 + 
3 / A 

( 1 1 ) 

zl/z*ize (A in B), 

(12a, b) 

Due to the limited validity of (11) we have extended 
the theory to concentrated alloys in a previous 
paper [13]. Here we simply outl ine the method. The 
format ion of a subst i tut ional solid solution of 
finite solution concentrat ion XA can be divided into 
several steps. In the first step a very dilute alloy is 
formed, and (11) is used to calculate the corre-
sponding elastic energy. At this point, the di lute 
alloy is considered as an effective pure metal with 
atoms having a tomic vo lume and elastic constants 
conveniently averaged between those of solute and 
solvent (see [13] for details). Then, in a second step 
a few more solute a toms are added to this effect ive 
host. The elastic energy cost in this second step is 
again computed f rom (11), taking into account that 
the host is not the pure B metal but the effect ive 
metal. The process is cont inued in the same way 
and any arbitrary concentrat ion can be reached af ter 
a sufficient n u m b e r of steps. It was also observed 
that the results of the mult i -s tep calculation can be 
accurately reproduced by the interpolat ion fo rmula 
[13] 

A H ™ { X a , X b) (13) 

XB A /7size(B in A) A / / | ' z e(A in B) 

~ XA A hfze(A in B) + XB A hfze (Bin A) ' 

In [13] the pure metal volumes VA, VB were used 
for VA, VB in (10). But, as pointed out above, the 
volumes should be corrected for charge t ransfer 
effects. Niessen and M i e d e m a [9] have proposed to 

use, instead of VA, Vb, the following solute and 
hole volumes: 

"A 

vg = V$ + — (0B-0A), 
" B 

where 
- 1.5 Vjn (alloy) 

„ - 1 / 3 , „ - 1 / 3 nA -t- /7 B 
1 -

(14a) 

(14b) 

(15) 

These corrected solute and hole volumes will be 
used in the present paper . The d i f ference between 
FA (alloy) of (8) and FA* of (14) should not be 
surprising since these represent slightly d i f ferent 
quantit ies. 

3.3 Structural Contribution 

The crystal s tructure of the two pure metals also 
influences the extent of solid solubility. A sub-
stitutional solid solution preserves the crystal struc-
ture of the host. Clearly complete solid solubility 
( f rom XA = 0 to XA = 1) can only occur if the crystal 
structure of the two pure components is the same. 
Miedema and Niessen [9, 10] have studied the struc-
tural contr ibution to the enthalpy of solution of 
alloys of two transition metals. This contr ibut ion 
reflects the fact that there exists a preference for the 
transition metals to crystallize in one of the main 
crystallographic structures bcc, fee and hep, depend-
ing on the number Z of valence (s -I- d) electrons per 
a tom. This preference has been quant i f ied by these 
authors, who combined experimental and theoret-
ical data for the energy differences (Eb c c - £ f c c ) and 
(£hcp— £fcc) between bcc, fee and hep structures and 
then derived the variation of the absolute stability 
Ea(Z) (a — bcc, fee, hep) of each of the main crystal 
structures along the transition metals series. Thei r 
results are shown in Fig. 1, where the reference state 
is the average of the close-packed structures and the 
looser packed bcc lattice: 

fee ( Z ) + £ b c c ( Z ) = 0. (16) 

Strictly speaking. Fig. 1 is only valid for 4d and 5d 
transition metals. The stable crystal s tructure of the 
3d metals Mn, Fe and Co deviates f rom the trend 
shown by the 4 d and 5d metals. But, except for 
those three part icular metals, we expect that Fig. 1 
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bcc 
f cc 
hep 

puted A h ? for all combinat ions of two transition 
metals (excluding the 3d-group) [9]. 

The structural contr ibut ion to the heat of forma-
tion of a subst i tut ional solid solution of concen-
tration XA can be calculated f rom Figure 1. Let us 
consider the alloy as an effective mona tomic crystal 
with a crystal s tructure er', the structure of the 
solvent, and with an effective valence 

Z(a l loy) = XAZ(A) + (1 — XA) Z ( B ) . (18) 

Then the structural contr ibut ion to the heat of 
format ion can be writ ten as 

A H?(XA, XB) = EAZ (alloy)) - EA(Z(A)) 

- ( \ - X A ) E A Z m , (19) 

where £ a ' ( Z (alloy)), EA(Z(A)) and EA>(Z(B)) are 
obta ined f rom Figure 1. Of course, this equat ion is 
consistent with (17). 

Fig. 1. Structural energy of 4d and 5d metals in the main 
crystal structures as a function of the number Z of valence 
electrons using the reference state defined by (16). The 
curves have been drawn by Miedema and Niessen by 
smoothly interpolating between the points for integer Z 
given in Fig. 2 of [9] (private communication by A. K. 
Niessen and A. R. Miedema). 

describes well the rest of the 3d metals and will be 
used in this paper since we do not treat alloys 
containing Mn. Fe or Co. It is then reasonable to 
assume that also structure dependent energies in 
transition metal solid solutions will vary systemat-
ically with the average number of valence electrons 
per a tom if the two metals form a common d-band. 
Consequently, disolving metal A into the host B 
changes the energy that stabilizes the crystal struc-
ture of the matrix metal . The structural contr ibution 
to the enthalpy of solution of metal A (with crystal 
s tructure o) in B (with structure a ' ) can be written as 

Ahf(Al7inBA = E A Z m 

+ ( Z ( A ) - Z ( B ) ) 

EAZ (A)) 

d E A Z ) 
d Z 

(17) 

Z = Z ( B ) 

Ah? contains two terms: The first one comes f rom 
the difference in structural energy of the two pure 
metals. The second one is the change of structural 
stability of the a ' s tructure due to the change in 
average valence. Niessen and Miedema have com-

4. Results 

4.1 Extensive Solid Solutions 

First we apply the model to alloys which show 
complete solid solubility in their phase d iagram 
[5]. F h e alloys considered are Sc Y, Sc Zr, Sc Hf, 
Ti HF, V Cr, V N b . V Mo and V W. The com-
putat ions have been pe r fo rmed at T= 1000 K. The 
results are similar for all systems: in agreement with 
[13] and with exper iment , the solid solution is the 
stable phase over the whole concentrat ion range at 
that tempera ture . 

The free energy of format ion of the solid solution 
has been plotted in Figs. 2 - 5 for the systems Sc Zr, 
V Nb . V Mo and Sc Y. F h e free energy of format ion 
calculated in [13] has also been plotted for com-
parison. F w o differences between the calculations of 
the present paper and those of [13] must be pointed 
out. First, structural contr ibut ions were not included 
in [13]. Second, charge t ransfer corrections to the 
a tomic volumes in the alloy (see (8) and (14) of the 
present paper) were neglected in [13]. Fhese two 
effects are rather impor tant . Since structural con-
tr ibut ions are absent in the alloys V N b and Sc Y, 
the effect of the charge t ransfer corrections to the 
a tomic volumes is responsible for the differences in 
free energy of format ion of these two alloys. 

Quant i ta t ive information also exists for the heat of 
format ion of equ ia tomic Cr V [1], The experimental 
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AH, at T= ( 1376 -1748) K is - 456 ± 200 ca l /mol . 
Our calculated value A Hs = — 610 ca l /mol is con-
sistent with the exper iment and shows a clear 
improvement with respect to the value ( - 192 ca l / 
mol) calculated in [13] for the same alloy. 

4.2 Very Low Solid Solubility 

The second g roup of alloys considered here con-
sists in alloys fo rmed by metals with very low 
mutual solid solubili t ies and wi thout in te rmedia te 
compounds . The results are very similar to those of 
[12]. Both sets of predicted solubili t ies are given in 
Table 1. The solubili t ies are predicted to be very 
small in these alloys, in agreement with the experi-
ments. 

4.3 Solid Solubility in Systems with Intermetallic 
Compounds 

Finally we have s tudied the solid solubility in sys-
tems with stable intermetal l ic compounds . T h e 
extent of solid solubili ty is l imited in these systems 
by the existence of a phase (the c o m p o u n d ) with a 
more negative free energy of format ion. Normal ly 
an intermetall ic compound is stable only in a 
narrow composi t ion range. This means that its f ree 
energy of format ion increases very rapidly towards 
less negative values when the composi t ion derivates 
f rom the s toichiometr ic one. 

We have computed the free energy of fo rmat ion 
of the intermetall ic compound of nominal com-
position (taken f rom the phase d iagram) using 
Miedema ' s theory [15] 

AGC = Ahs (A in B) A^ [1 + 8 (XX A l ) 2 ] . (20) 

In writing this equat ion , the entropy of fo rmat ion 
has been assumed to be very small with respect to 

Table 1. Theoretical and experimental solid solubilities at 
the indicated temperatures (solubility in at%). 

Figs. 2 - 5 . Free energy of formation of disordered sub-
stitutional solid solutions versus concentration, at T = 
1000 K. this work; ref. [13]. 

Alloy 7~(K) Theoret. Theoret. Exper. 7~(K) 
ref. [12] this work [19] 

Sc in Nb 1500 0.07 0.015 < 0.1 
Nb in Sc 1500 0.18 0.025 < 0 . 3 
Sc in Cr 1350 < 0.001 0.14 < 0.1 
Cr in Sc 1350 0.22 0.31 < 1 
Vin Sc 1570 0.45 0.07 < 0.5 
Sein V 1570 0.024 0.06 < 0 . 3 
Ti in Y 1140 0.005 0.0003 0 
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Table 2. Theoretical and experimental solid solubilities, at 
the indicated temperatures, in alloys having intermetallic 
compounds (solubility in at%). 

Alloy Com- T (K) Solubility Solubilitv 
pound (theoret.) (exper.) [20] 

Pd in V Pd V, 900 17 15 
Hf in V Hf V, 1273 0.5 0.6 

1475 1 1.2-1.5 
1773 2.8 2 .1 -2 .4 

Ti in lr Ti Ir3 1500 14 13 Ti Ir3 

2000 16 14 

Fig. 6. 
.1 .2 

CPd the entropy of format ion of a d isordered solid 
solution [5, 8]. In compar ison with a solid solution 
of the same composit ion, the factor [1 4- 8(Ar

AArB)2] 
accounts for the increased n u m b e r of dissimilar 
neighbours in the ordered c o m p o u n d . The extent of 
solid solubility is obtained by compar ing (20) with 
the free energy of format ion of the solid solution 
using the tangent method. This is i l lustrated in 
Figs. 6 - 8 for the alloys Pd V. Ti lr and Hf V, respec-
tively, and for several t empera tu res indicated in 
each case. Only the m i n i m u m of the curve was 
calculated for the intermetall ic c o m p o u n d a l though 
a schematic curve has been drawn to indicate that 
J ( j c o m p changes rapidly around the nominal com-
position. The calculated solubili t ies are given in 
Table 2, showing an excellent agreement with 
experiment. 

Fig. 7. 

-3 -

T=1773 K 
T=1473 K 

•T= 1273 K 

Hf V 

N 

'Hf Fig. 8. 

Figs. 6 - 8 . Tangent construction to calculate the extent of 
solid solubility at a given temperature. Plotted are the free 
energy of formation of the solid solution and the free energy 
of formation of the compound of stoichiometric composi-
tion. The curve for the compound is schematic (only the 
minimum of this curve has been actually calculated). 

Conclusions 

In this paper we have presented a semiempir ica l 
theory of solid solubility appl icable to transit ion 
metal alloys. With respect to our previous works [12, 
13] two new features are int roduced in the present 
paper. One is the considerat ion of the structural 
contribution to the heat of fo rmat ion of the solid 
solution. This contr ibut ion has been proposed by 
Miedema and Niessen [9, 10] and has been com-
puted by these authors in the limit of di lute alloys 
(heat of solution). Here we have shown how the 
structural energy can be calculated in concentrated 
solid solutions too, which is a necessary requ i rement 
in estimating solid solubility limits. On the o ther 
hand, changes in the a tomic volumes of the com-
ponents in the alloy, induced by charge transfer, 
have also been taken into account. 
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T h r e e clases of al loys h a v e b e e n s t u d i e d : a l loys 
showing c o m p l e t e so lubi l i ty , al loys wi th very low 
solubili ty and wi thout c o m p o u n d s , and alloys hav ing 
i n t e r m e d i a t e c o m p o u n d s . T h e a g r e e m e n t wi th ex-
p e r i m e n t is very sa t i s fac tory in all cases. 

Acknowledgements 

T h i s work was s u p p o r t e d by a g ran t f r o m 
C A I C Y T of Spa in . W e t h a n k A. R. M i e d e m a a n d 
A. K. Nies sen fo r F i g u r e 1. T h e c o m m e n t s of the 
r e f e r e e he lped to i m p r o v e the p a p e r . 

[1] R. Hultgren. P. D. Desai. D. T. Hawkins, M. Gleiser, 
and K. K. Kelley, Selected Values of the Thermo-
dynamic Properties of Binary Alloys, American 
Society for Metals, Ohio 1973. 

[2] P. Haasen, Physical Metallurgy, Cambridge Univer-
sity Press, Cambridge 1978. 

[3] A. E. Guggenheim, Mixtures, Oxford University 
Press, Oxford 1952. 

[4] R. B. McLellan, Mater. Sei. Eng. 9, 121 (1972). 
[5] F. R. de Boer, R. Boom, and A. R. Miedema, Physica 

101 B, 294 (1980). 
[6] F. R. de Boer, R. Boom, and A. R. Miedema, Physica 

113 B, 18 (1982). 
[7] R. Boom, F. R. de Boer, and A. R. Miedema, Physica 

115 B, 285 (1983). 
[8] B. M. Mogutnov and L. A. Shvartsman, Russian J. 

Physical Chem. 59,328 (1980). 
[9] A. K. Niessen and A. R. Miedema, Ber. Bunsenges. 

Phys. Chem. 87 ,717 (1983). 
[10] A. R. Miedema and A. K. Niessen, CALPHAD 7, 27 

(1983). 
[11] J. M. Lopez and J. A. Alonso, Physica 113 B, 103 

(1982). 

[12] J. M. Lopez and J. A. Alonso, Phys. Stat. Solidi (a) 72, 
777 (1983). 

[13] J. M. Lopez and J. A. Alonso, Phys. Stat. Solidi (a) 85, 
423 (1984). 

[14] A. R. Miedema. F. R. de Boer, and P. F. de Chätel. J. 
Phys. F: Metal Phys. 3, 1558 (1973). 

[15] A. R. Miedema, P. F. de Chätel, and F. R. de Boer, 
Physica 101 B, 1 (1980). 

[16] J. Friedel, Adv. Phys. 3,446 (1954). 
[17] J. D. Eshelby, Solid State Phys., vol. 3 (F. Seitz and 

D. Turnbull, eds.). Academic Press, New York 1956, 
p. 79. 

[18] A. K. Niessen, F. R. de Boer, R. Boom, P. F. de 
Chätel, W. C. M. Mattens, and A. R. Miedema, 
CALPHAD 7, 51 (1983). 

[19] W. G. Moffat, The Handbook of Binary Phase Dia-
grams, General Electric, Schenectady, New York 1978. 
Vol. 1,2 and 3. 

[20] R. P. Elliot, Constitution of Binary Alloys, First 
Supplement, McGraw-Hill, New York 1965. 


